CONSERVATION OF ENERGY

EXERCISES

Section 7.1 Conservative and Nonconservative Forces

10.

11.

INTERPRET In this problem we want to find the work done by the frictional force in moving a block from one
point to another over two different paths. Friction is not a conservative force, so mechanical energy is not
conserved.

DEVELOP Figure 7.15 is a plan view of the horizontal surface over which the block is moved, showing the paths
(a) and (b). The force of frictionis f, = 4, n = g, mg (see Equation 5.3) and is directed opposite to the
displacement. Because f; is constant, we use Equation 6.11,

szfﬁ-df

Because the friction force is directed opposite to the displacement d7 , the scalar product introduces a negative
sign. For path (a), Equation 6.11 takes the form

X by
W, ==[ fude=[ fidy=—1, (6 =)= £, (3= )
where x, =0, y, =0, x, =L, y, = L. For path (b), we use radial coordinates, and Equation 6.11 takes the form

W,=[F-di =—f,Ar

i

where Ar =L+’ = \/EL , and the scalar product gives the negative sign because friction always acts opposite
to the displacement.

EVALUATE The work done by friction along path (a) is thus
W, =-u,mg ( 2L )

The work done by friction along path (b) is
w,= _\/Ell'lkmgL
ASSESS Because the work done depends on the path chosen, friction is not a conservative force.

INTERPRET This problem involves calculating the work done by a conservative force (gravity) and comparing
the result obtained for the work done over two different paths.

DEVELOP Take the origin at point 1 in Fig. 7.15 with the x axis horizontal to the right and the y axis vertically
upward. Use the same equation for work as we did in Problem 7. 10 (Equation 6.11), but this time the force
involved is the force of gravity: F . = —mg; . For path (a), we use Cartesian coordinates, so dr = dxi + dy]A' .
Inserting F, into Equation 6.11 for path (a) thus gives

=0
Y2

. =~ (mgi)- i - | (mg) =-me (1.~ )

X N
For path (b), we will use radial coordinates, so Equation 6.11 takes the form

7-1
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r=v2L r=v2L r=v2L
W, =- j mgj - dr =— ‘[ mgcos(45°)dr=—— mgdr
0

\/5 /=0

1=0 n= i

EVALUATE Inserting the initial and final positions into the expression for path (a) gives W, = —mgL . For path
(b), we find

w,=-"5 m—iﬁL—O)=—mgL

)

ASSESS The work done by gravity is the same for both paths, because gravity is a conservative force.

Section 7.2 Potential Energy

12.

13.

14.

15.

INTERPRET The problem is about gravitational potential energy relative to a reference point of zero energy. In
Example 7.1, the reference point was taken to be the 33rd floor. In this problem, we take the street level to be our
reference point.

DEVELOP The change in potential energy as a function of vertical distance Ay is given by Equation 7.3, AU =
mgAy. Each floor is 3.5 m high.

EVALUATE (a) The office of the engineer is on the 33rd floor, or is 32 stories above the street level (the first
floor) where U, = 0. Thus, the difference in gravitational potential energy is

Uy, =Uy, —U, =mg(32 floors) (3.5 m/floor) — 0 = (55 kg) (9.8 m/s”)(32) (3.5 m) = 60 kJ

to two significant figures.

(b) At the 59th floor, Uy, = mg (58 floors) (3.5 m/floor) = (55 kg) (9.8 m/s” )(58)(3.5m) =110 kJ . to two
significant figures.

(c) Street level is the zero of potential energy, so U, = 0.

ASSESS Potential energy depends on the reference point chosen, but potential energy difference between two
points does not. What matters physically is the difference in potential energy. The differences in potential energy
between any two levels are the same as in Example 7.1. For example, Uy, —U,, = (109 kJ-60.4 kJ) =49KkJ.

INTERPRET This problem involves finding the potential energy difference between sea level and locations at
different heights above sea level.

DEVELOP The zero of potential energy is at sea level. Use Equation 7.3, AU = mgA4y, to find the potential energy
difference at the other locations.

EVALUATE (a) Atop Mount Washington, the potential energy difference is AU = (70 kg)(9.8 m/s?)(1900 m) = 1.3
M1J.

(b) In Death Valley, Ay = —86 m, so the potential energy difference is AU = (70 kg)(9.8 m/s*)(-86 m) = —59 kJ.
ASSESS Notice that the potential energy difference is negative at Death Valley compared to sea level, because
Death Valley is below sea level.

INTERPRET We are asked to find the gravitational potential energy of a person at two different altitudes, using
sea level as the zero of potential energy.

DEVELOP From Equation 7.3, we know that gravitational potential energy is U = mgh, where  is the height
above sea level.

EVALUATE Inserting the given quantities into the expression for potential energy gives

(@)U = mgh = (65 kg) E9.8 m/s2%E11><103 m)=7.0x10° J=7.0 MJ

®)U =mgh = (65 kg) 9.8 m/s*)(1.6x10° m) =1.0x10° J=1.0 MJ

ASSESS These may seem rather large, but remember that 1 kg, at a height of 1 m, is nearly 10 J. The Joule is not a
large unit, and these are large heights.

INTERPRET The problem is about the change in gravitational potential energy as the hiker ascends. Given the
position of zero potential energy, we are interested in her altitude.

DEVELOP The change in potential energy with a change in the vertical distance Ay is given by Equation 7.3,
AU =mgAy =mg(y—y,). Knowing AU and y, allows us to determine y, see the figure below.

© Copyright 2012 Pearson Education, Inc. All rights reserved. This material is protected under all copyright laws as they currently exist. No portion of this material may

be reproduced, in any form or by any means, without permission in writing from the publisher.



Conservation of Energy 7-3

16.

17.

18.

7 10m

<

EVALUATE Equation 7.3 gives
AU =U()=U(y,) =mg(y=y,)

From the above expression, we find the altitude of the hiker to be
240 kJ

20 gy
(60 kg)(9.8 m/s?) m

y=y0+£=1250 m+
mg

ASSESS In this problem, the point of zero potential energy is taken to be the top of the mountain with
¥, =1250 m. Since the hiker’s potential energy is negative, we expect the hiker’s altitude to be lower than y,.

INTERPRET This problem involves the elastic potential energy, which is a conservative force. We are to find the
potential energy we can store in a spring for the given compression and spring constant.

DEVELOP The elastic potential energy of a spring is given by Equation 7.4, U = kx’/2.

EVALUATE Inserting the known quantities into this expression for potential energy gives U = (320 N/m)(0.18
m)72=521.

ASSESS We report the answer to two significant figures because the data is given to two significant figures.

INTERPRET This problem is similar to Problem 7.16. It is about the potential energy stored in a spring. We’d like
to know how much the spring has to be stretched in order to store a given amount of energy.

DEVELOP The amount of energy stored in a spring is given by Equation 7.4, U = kx’/2, where x is the distance
stretched (or compressed) from its natural length.

EVALUATE Assume one starts stretching from the unstretched position (x = 0). Solving Equation 7.4 for x gives

/ 2(2107F
x== Ezi gziSScm
k 1400 N/m

ASSESS The positive and negative signs indicate that you can store the same amount of energy by either
compressing the spring or by stretching the spring.

INTERPRET We're asked to find the energy stored in the molecule as it is stretched.
DEVELOP The molecule acts like a spring, so its potential energy increases as it is pulled apart according to
Equation 7.4: U = %kxz.
EVALUATE Using the values given, the potential energy of the stretched molecule is
U = 1(0.046 pN/um) (26 zm)’ =16x(10">N)(10°m) =1.6x10""]

ASSESS This is equivalent to 10 eV. The energy in molecular bonds is usually measured in eV, so the answer
appears to be of the right magnitude. It's also positive because the stretched molecule has stored potential energy
that will convert to kinetic energy (most likely vibration) when the molecule is released.

Section 7.3 Conservation of Mechanical Energy

19.

INTERPRET This problem involves potential and kinetic energy. Because the slope is frictionless, the total
mechanical energy is conserved, so K + U = constant. We are interested in finding the speed of the skier after he
descends each section of the slope.

DEVELOP We define the zero of potential energy at the top of the hill. Also, because the skier’s speed there is
zero, his initial kinetic energy is zero. Thus, his initial total mechanical energy is zero. Use Equation 7.3, U =
mgAy, to express his potential energy at the bottom of each slope, and Equation 6.13, K = mv’/2, to express his
kinetic energy at each location. Applying conservation of total mechanical energy to find the speed gives
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20.

21.

22,

1
O=K+U=Emv2+mgAy

v==1,/-2gAy

EVALUATE After the first slope, Ay = —25 m, so we have

v=+/-2(9.8 m/s*)(~25 m) = 422 ms

After the second slope, we have

v=+/-2(9.8 m/s?)(~25 m-38 m) = £35 m/s

ASSESS The plus/minus sign indicates that the result is independent of the direction in which he is skiing. It is the

same whether he skis to the left or to the right on the level sections.

INTERPRET This problem involves the conservation of mechanical energy, since the force on the spring is
conservative. The kinetic energy of the plane is therefore all converted into potential energy of the spring.
DEVELOP Using Equation 7.7, the sum of the kinetic energy of the plane and the potential energy of the spring is
a constant: K +U = constant.

EVALUATE Initially, the plane is moving (KO = %mvg ) , and the spring is unstretched (U 0 = 0) . When the plane
comes to a stop (K = 0) , the spring has stretched a certain distance and thereby gained potential

energy (U = %/cx2 ) . Equating the initial and final mechanical energies (K0 +U,=K+U ) allows us to solve for
the landing speed:

v, =\/Ex= AOKNIM 5 ) = 50 mfs = 110 mivh
m 10,000 kg

ASSESS  Although much slower than the cruising speed of a fighter jet (~ 700 mi/h) , this is a typical landing
speed. But note, the pilot typically throttles the engines when the plane touches down so that it can make a hasty
take-off in case the tailhook misses the landing cable.

INTERPRET This problem involves the conservative forces of gravity and the elastic force, so we can apply the
conservation of mechanical energy to this problem. We are interested in finding the height to which the arrow
rises, given its initial elastic potential energy.

DEVELOP We will take the initial position of the arrow to be the zero of potential energy. The initial total
mechanical energy of the arrow is then just the elastic potential energy of the arrow, U, = kx’/2, with x=0.71 m
and k = 430 N/m. The final total mechanical energy of the arrow is simply the gravitational potential energy, U, =
mgAy, because the arrow has zero speed at the peak of its trajectory, so its kinetic energy there is zero.

EVALUATE By conservation of total mechanical energy, we equate the initial and final total mechanical energies
to find the height Ay to which the arrow rises. The result is

U, =U,
1,
Ekx =mgAy

2 2
Ay = ko _ (430 N/m)(0.71m)" _ 92 s
2mg  2(0.12 kg)(9.8 m/s’)

ASSESS Notice that the height is measured from the arrow’s position when the bow is taught, because that is the

position at which the arrow has the elastic potential energy.

INTERPRET We are asked to find the amount a spring compresses as it stops a boxcar. This is a conservation of
energy problem involving elastic potential energy and kinetic energy. The boxcar has kinetic energy before it hits
the spring, and the spring has elastic potential energy when the boxcar is stopped.

DEVELOP  Use conservation of total mechanical energy: U, + K, =U, + K . The initial energy is entirely
kinetic, and the final energy is entirely elastic potential energy (see bar chart, below). The elastic potential energy
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of the spring is U, = kx’/2, with k = 1.8 MN/m, and the kinetic energy of a moving train is K = mv’/2, withv=7.5

m/s and m = 35,000 kg.

1000
800
600 - .

O Kinetic
400 4 W Potential
200
0 T

kJ

Train moving Train stopped
EVALUATE By conservation of total mechanical energy, we have

=0 =0

—— ——

U+K =U,+K,

1 1

—mv’ =—kx’

2 2

x= J_rv\/E - (73mss) [P200ke 5
k 1.8 MN/m

where we have retained the negative sign to indicate that the spring compresses.
ASSESS  Check the units: \/% has units of seconds, so[m/s]Xx[s]=[m]and we’re fine. Keep your eyes on this

term \/% , though—it becomes very important in later chapters!

23. INTERPRET We are to find the spring constant needed to launch a toy rocket to a given height. We use the
conservation of total mechanical energy: The initial energy is the elastic potential energy of the spring, and the
final energy is gravitational potential energy.

DEVELOP  Conservation of total mechanical energy says that U, + K, =U, + K ;. For this problem, the initial

and final kinetic energies are zero. From Equation 7.4, we know that the initial elastic potential energy of the

spring is U, = kx*/2, and the final gravitational energy is U .= mgh. The spring compression is x =-0.14 m, the

rocket’s mass is m = 65 g = 0.065 kg, and the desired height is 7 = 35 m.

EVALUATE Applying the conservation of total mechanical energy and solving for the spring constant k gives
=0 =0

—— ——
U+K =U,+K,
1
—kx? = mgh
2 g

2mgh  2(0.065kg) (9.8 m/s’)(35m)

2

k 2
x (0.14 m)

=23 kN/m

ASSESS This spring is probably a bit stiff for a kid’s toy. It will take a force of 320 N to completely compress the
spring, which is about 70 Ibs.

Section 7.4 Potential-Energy Curves

24. INTERPRET The object of interest is the particle. As it slides along a frictionless track, energy is converted from
gravitational potential energy to kinetic and vice versa, but the overall total mechanical energy is conserved at
every point. Use this principle to calculate the speed and position of the particle at various points on the track.
DEVELOP Let the kinetic energy of the particle be K = mv’/2 and the gravitational potential energy be U = mgy
(measured from the reference level y = 0 in Fig. 7.16). Because the track is frictionless, we can use the
conservation of total mechanical energy stated in Equation 7.7, which is

K +U = constant
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25.

We are given that v, = 0, so the initial kinetic energy is zero. The initial potential energy can be calculated using
Equation 7.3, U = mgy, with y, = 3.8 m. Thus, we can evaluate the total mechanical energy at point A and the total

mechanical energy at any other point must have the same value:
=0

U+K, =U, +K,
mgy, =mgy +%mv2

EVALUATE (a) Applying the conservation of total mechanical energy to point B, we find
mgy, = %mvlzs T mgyy

Solving for the speed v,, we find

vy =+2g(,~ ;) =£,/2(9.8 m/s*)(3.8 m~2.6 m) = +4.9 mis

(b) Performing an analogous calculation for point C gives us

ve =228y, —ve ) = i\/2(9.8 m/sz)(3.8 m-1.3m)=%7.0 m/s

(c) The right-hand turning point is where the particle reverses direction. At this point, the velocity will be
instantaneously zero, so the total mechanical energy will consist only of the gravitational potential energy. Therefore,

the particle must be at the same height as point A. Inspecting Fig. 7.16 tells us that this point is at x = 11 m.

ASSESS By mechanical energy conservation,
1
K+U= Emv2 +mgy = constant

we see that the speed of the particle is a maximum at y = 0. Similarly, when the speed of the particle is zero, y is at
a maximum. The bar chart below also shows the exchange between kinetic and potential energy (note that the

energy scale is not absolute because we are not given the particle’s mass).

1 —
0.8
>
5
& 0.6
= O Kinetic
£ 04 M Potential
2
<
0.2
O .

A B C D
Particle position

INTERPRET This problem involves conservative forces and conservation of total mechanical energy. At the
maximum height of the particle, we know its kinetic energy is zero and its potential energy is maximum. We will
define the zero of potential energy as the particle’s lowest position, where its kinetic energy will be maximum. We
are asked to find the turning point of the particle, which is the x position where the particle stops rising and begins
to fall again.

DEVELOP The particle’s trajectory is given by the formula y = ax’, with @ = 0.92 m™'. The particles potential
energy is U = mgy, and its kinetic energy is K = mv’/2. Conservation of total mechanical energy tells us that the
sum of these two quantities is conserved, and we can find that constant because we are told that the maximum
speed (i.e., maximum kinetic energy) is 8.5 m/s, which must occur at the point where the potential energy is

minimum (i.e., y = 0). Thus, we have

© Copyright 2012 Pearson Education, Inc. All rights reserved. This material is protected under all copyright laws as they currently exist. No portion of this material may

be reproduced, in any form or by any means, without permission in writing from the publisher.



Conservation of Energy 7-7

where K is constant and is the total mechanical energy, which is conserved. We can insert this into the general
expression for total mechanical energy to find the turning point of the particle, because we know that the particle
kinetic energy will be zero at the turning point.

EVALUATE The total mechanical energy is

1 1
K.=U+K= mgy-i—;mv2 = mg(otxz)+5mv2
At the turning point, v = 0, so we have

max

K = %mviﬁx = mg(axfmm)

1 1
Xum = FVimax Z;‘igjm@Jz@smmﬂm9zmﬁ

ASSESS The positive/negative sign means that there are two turning points: one at positive 2.0 m from the origin

=+2.0m

(i.e., to the right) and one at —2.0 m from the origin (i.e., to the left).

26. INTERPRET This problem is about finding the force acting on a particle, given its potential energy as a function
of position. The motion of the particle is in one dimension.
DEVELOP The force on a particle in one-dimensional motion is the negative derivative of the potential energy:
F(x) =—-dU/dx, as discussed in deriving Equation 7.8. When the function U(x) consists of line segments, this
formula simplifies to F(x) = —AU/Ax, which we can use to solve this problem.
EVALUATE Using F(x) = —AU/Ax, we find that the force is: (a) F,=—- (3 1)/(1.5m)=-2 N, (b) F,=— (0 J)/(1 m)
=ON,(©)F.=—(4ND/(05m)=8N,(d) F,=—(-11)/(Im)=1N,(e) F,=—(4 /(1 m)=—4N, (f) F,.=- 0]/l
m)=0N
ASSESS The result indicates that the greater is the change of the potential energy U(x) with x, the greater is the
force on the particle. Integrating Equation 7.8 leads to Equation 7.2a:

AU(x) = [ F(x)dx

But [F (x)dx is just the work W done by the force. Therefore, we can say that W = —AU.

27. INTERPRET For this one-dimensional problem, we are given the potential energy of a particle as a function of the
particle’s position and are asked to find the force on the particle.
DEVELOP Because this problem is one-dimensional, we will use Equation 7.8, F(x) = —dU/dx, to find the force on
the particle. The potential energy of the particle is U(x) = 16x° — b, with b = 4.0 J, so the force is F(x) —dU/dx = —
32x.
EVALUATE (a) Atx=2.1 m, the force is F(x =2.1 m) =-32(2.1 m) =67 N.
(b) At x =0 m, the force is F(x =0 m) =-32(0 m) =0.0 N.
(c) At x =-1.4 m, the force is F(x =-1.4 m) = -32(-1.4 m) =45 N.
ASSESS  Notice that the results are given to two significant figures because the data is given to two significant
figures.

PROBLEMS
28. INTERPRET Water is pumped to a higher reservoir to store potential energy. We need to calculate the

gravitational potential energy of the reservoir, and the time it would take to drain the reservoir given the power
output of the generators. Although it is not stated in the problem, we will assume that the efficiency of the
generators is 100%.

DEVELOP The mass of the reservoir is m = 2.1x10' kg, and the height above the generators is 4 =214 m. The
initial gravitational potential energy is U, = mgh, since the level of the generators is taken to be U = 0. As the
reservoir drains, there will be less water and therefore less potential energy. This loss in potential energy goes into
kinetic energy of the water, which does work on the generators: W = AK = —AU. The maximum work possible
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29.

30.

corresponds to draining the whole reservoir of water (letting it all flow down to U = 0), which is equivalent to
using up all the initial potential energy:
w._. =—-AU,

max total

=-(0-U,)=0,

If the power is constant, then the amount of work done is W = PA¢ (recall Equation 6.17), so the time to
drain the whole reservoir is At =U,/P.
EVALUATE (a) The total potential energy of the reservoir is

U, = mgh=(2.1x10" kg)(9.8 m/s’)(214 m) = 4.4x10"J

(b) The total time the generators can run before the reservoir is empty can be found from the equation above:

U, 44x10"].

P 1.08 GW
ASSESS The energy stored in the full reservoir is equivalent to about 12 million kWh of electricity, or 12 GWh.
As explained in the text, reservoirs such as this are often used to store power that can be used during periods of
peak demand. One can imagine this facility generating power during the daylight hours, and then "recharging"

(pumping water back up to the top reservoir) during the night.

INTERPRET This problem asks us to calculate the work done around a square path given two different force
fields. If the forces are conservative, the work should be zero.

DEVELOP The work done by the given forces as an object moves around the box can be divided into 4 segments.
Starting from the bottom left-hand corner, d7 = idx, y =0 and x goes from 0 to a. Then, d7 = jdy, x=a and y
goes from 0 to a. After, dF =idx, y =a and x goes from a to 0. And finally, dF = jdy, x =0 and y goes from a
to 0. Mathematically, we can write this as:

W=§F-di=[ Fid| +[Fjdy
- .

4 Feay

L]

In both cases, the force points in y-direction, so F-i =0. Recall that we can reverse the endpoints of a definite

0 a
integral by adding a minus sign: .[ dx = —IO dx, so the work equation reduces to:

V=g F =] ol -] P,

EVALUATE For the constant force, Fa = Foj, in Figure 7.14a, the work is

W,=F dv—F,| dv=Fa-Fa=0

For the varying force, F'b =F, (x/a) j', in Figure 7.14b, the work is
W, = E)joa(a/a)dy—ﬁ)joa(O/a)dy =Fa—-0="Fa

ASSESS The force F'a is conservative, but the force Fb is not. As far as the work done is concerned, it does
matter what path an object takes when moving through the force field in Figure 7.14b.

INTERPRET In this problem we are asked to find the gravitational potential energy of a mass on an incline. As the
mass moves up and down the incline, its potential energy changes because its height varies. We are requested to
take the bottom of the incline (i.e., x = 0 ) as the zero of potential energy.

DEVELOP Draw a diagram of the situation (see figure below). From Equation 7.3, we know the change in
gravitational potential energy is AU = mgAy. The delta symbols mean we consider the change in the corresponding
variable, so AU = U,

it — Ui @a0d Ay =y, —y. . We are given that the zero of the potential energy is at the

initial®

bottom of the incline, so U, .. =0aty

initial —

=0 and Equation 7.3 reduces to U(x) = mgy(x). From the geometry of the

initial

situation, we know y(x) = xsin(6).
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EVALUATE Using the expression for the mass’s height in the expression for potential energy, we find

U(x) = mgy(x) = mgxsin(6)
ASSESS To see that our result makes sense, we can check the following limits: (i) 8= 0; this situation
corresponds to a flat surface, and U = 0 because x = 0. (ii) €= 90°; this corresponds to a vertical incline. The

potential energy is simply U(x) = mgx because x is the vertical height in this case.

31. INTERPRET This problem involves finding the gravitational potential energy of a brick that is placed in various
different positions. We can treat the brick as if all its mass were located at the center of the brick. We are instructed
to take the zero of the gravitational potential energy to be at the center of the brick when the brick is lying on its
longest side.

DEVELOP Draw a diagram of the brick when it is lying on its longest side, and when it is in the positions for parts
(a) and (b) of the problem (see figure below). The gravitational potential energy of the brick is given by Equation
7.3:

AU = mgAy = mg(y—y,)
where Ay is the vertical distance of the center of the brick above the point of zero of potential energy, which is y,.

From the figure below, we see that y, =2.75 cm.
In position (a) the change in height of the center of the brick is

Ay, =y, —y,=10.0cm—2.75 cm=7.25 cm

In (b), the change in height of the brick is

Ay, Z%\/(ZO.O em)” +(5.50 cm)® —2.75 cm =10.4 cm—2.75 cm = 7.62 cm .
¢ L
m

55 Cm o —————— |-V __

/W 20 cm @ ®)

EVALUATE From Equation 7.3, the gravitational potential energies at positions (a) and (b) are

U, = mgAy, =(1.50 kg)(9.82 m/s*)(0.0725 m) =1.07 J

U, =(1.50 kg)(9.82 m/s*)(0.0762 m) =1.12 J

ASSESS The potential energy is larger for part (b) because the center of the brick is higher than it is for part (a).
Notice that we had to use the acceleration of gravity to three significant figures for this problem. Had we used g =
9.8 m/s2, our results would be U, = U, =1.11].

32. INTERPRET This problem involves elastic potential energy. The object of interest is the molecular bond between
the oxygen and the carbon atoms, and we are to find the effective spring constant of this bond.
DEVELOP The zero of the potential energy is at the equilibrium position of the atoms. The elastic potential
energy is given by Equation 7.4, U = kx’/2.
EVALUATE Inserting the given quantities into the expression for elastic potential energy gives

2(0.015eV v
U:%kxz Lo 2 eV) (1.602x10 Jj:l.QkN/m

¥ (1.6x107 m) eV

where we have used the conversion factor from eV to J from Appendix C.
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33.

34.

35.

ASSESS This spring constant is two orders of magnitude greater than that of a bungee cord, which is around 10
N/m.

INTERPRET This problem deals with the elastic potential energy stored in a rope. We need to find the elastic
potential energy stored in a rope stretched the given amount and compare the result with that of Example 7.3,

which uses a different expression for the force exerted by the rope.
DEVELOP The force exerted by the rope is F(x) = —kx +bx’ — cx’, where x is the length the rope is stretched from

its equilibrium position. Use Equation 7.2a, AU = | ;Z F (x) dx , to find the elastic potential energy of the rope.

EVALUATE Performing the required integration and inserting the known quantities, we obtain

x’=2.62 cm
U= —J”F(x’)dx' = —Ix(—kx’ +bx”’ —cx’3)dx' = (lkx’z —lbx'3 +lcx’4]
0 0 2 3 4

x'=0

= %(223 N/m)(2.62 m)’ —%(4.10 N/m*)(2.62 m)’ +%(3.1 N/m’)(2.62 m)'

=7781]
In Example 7.3, the energy stored is U’ =741 J . Therefore, the percent difference is
(100%) v _,U = (100%)% =4.90%

ASSESS  Adding the term —cx” increases the potential energy of the system. The negative sign increases the
restoring force, and thus the work needed to stretch the spring.

INTERPRET We're asked to characterize the Achilles tendon as a mechanical spring.
DEVELOP When a 125-kg mass is hung on the tendon, it stretched until its restorative spring force countered the
mass' weight: kx = mg. From this, we can find the spring constant. And furthermore, we can use Equation 7.4,

U= %kx2 , to find the distance the tendon must stretch in order to store 50.0 J of energy.
EVALUATE (a) The experiment with the mass is enough to tell us what the spring constant is for the tendon:
L _mg _(125ke) (9.8 m/s)

X 2.66 mm

=4.605x10°N/m = 461 N/mm

(b) In order to store 50.0 J in the tendon, it must be stretched by
2(50.0J
x= ﬂz (—5)214.7 mm
V& (4.605x10° N/m)

Note that we put k in units of N/m in order to avoid confusion in the units, since J/(N/m)=m’.

ASSESS In general, tendons connect muscle to bone. The Achilles tendon, in particular, connects the muscles in
the lower leg to the heel bone. It therefore has to withstand forces equal to and greater than that of a person's body
weight without stretching too much. The relatively large spring constant that we found in part (a) bears witness to
that fact.

INTERPRET We want to find the energy stored in an unusual spring when it's compressed a certain distance.

DEVELOP The energy stored in the spring is just the potential energy. For a one-dimensional force and
displacement, we can use Equation 7.2a:

AU = —J.:F(x’)dx' = —I:(—kx' —ex” )dx' = B ke + %cx"‘ J; = %kx2 +%cx4

EVALUATE In this case the spring is compressed, which we will define as being in the negative x-direction. The

stored energy is therefore:

AU =1(220 N/m)(-0.15 m) + (3.1 N/m’)(<0.15m)* =2.5J

ASSESS The units come out the same (i.e., N-m) for both terms in the sum, as they should. Notice that for the
given force equation, it makes no difference whether the spring is compressed or stretched — the stored energy is

the same for the same displacement.
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36. INTERPRET This one-dimensional problem is about finding the potential-energy difference of a particle between
two positions when the force acting on a particle is known.
DEVELOP According to Equation 7.2, when an object moves from x, to x, under the influence of a force
F (x) = (Ax'z)f , the change in potential energy is
AU = —sz F(x)dx

X

EVALUATE (a) Performing the integration and inserting the given quantities, we obtain

X, ) sz ( 1 1\\
U(xz)_U(xl):_J.Ax 2dx:; :ALx__x_
7 % 2 X

(b) For x, = o, U (x2 )— U (00) = A/ x, . Thus, the potential energy remains finite in this limit.

In this case, it makes sense to define the zero of potential energy at infinity, U(e) =0, so0 U (x) =A/x.
ASSESS The negative signin AU =— ) ; F (x) dx means that if the work done by the force is positive, then the

potential energy must decrease.

37. INTERPRET This problem is similar to the preceding problem. We are given a force as a function of position, and
we are to find the change in potential energy. For this problem, we are given the zero of the potential energy, so we
will find the potential energy with respect to this zero.

DEVELOP Use Equation 7.2(a),

EVALUATE Performing the integration gives
x x 1
— ’ ’ _ ’2 r_ _ = 3_
U(x)——J.OF(x)dx ——jo(ax +b)dx ——3ax bx

ASSESS The potential energy decreases with x, meaning that the force does ever increasing work on the particle
as it moves.

38. INTERPRET The problem is about conservation of mechanical energy. Both potential energy and kinetic energy
are involved. The kinetic energy of the truck is converted to gravitational potential energy as it moves uphill.
DEVELOP Initially the kinetic energy of the truck is K, = %mvi , and you can set its gravitational potential energy
as U, = 0. In the final state, all the kinetic energy has been converted to gravitational potential energy: K = 0 and
U = mgy. These quantities are related by the principle of conservation of mechanical energy given in Equation

7.7 K,+U, =K +U, which gives you:

1 2 _
smvy +0=0+mgy

You are asked to find how long the lane should be in order to stop a runaway truck going
v, =110 km/h =30.6 m/s. The length of the lane, L, is related to the height by: L = y/sin @, see the figure

below.
VB =0

Y
30°
Vi = 110 km/h
EVALUATE Solving for the length, you have:
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Vv (30.6 m/s)’

2gsin@ 2(9.8 m/s2)51n30°

ASSESS Notice that the mass of the truck is irrelevant. The distance the runaway truck travels only depends on its
velocity and the angle of the incline. If you make the incline steeper, the truck will still climb to the same height, y,
but the length of the lane can be made shorter.

39. INTERPRET This problem involves conservative forces, that due to the spring and that due to gravity. Therefore,
assuming the slope is frictionless, conservation of mechanical energy applies so we know that the total mechanical
energy at all points on the trajectory of the block is a constant. Without loss of generality, we can take the zero of
the gravitational potential energy to be at the position of the block before the spring is released.

DEVELOP Initially, before the spring is released, the total mechanical energy is the elastic potential energy of the
spring, U.

Tot

= kx’/2. At the highest point reached by the block, its speed is instantaneously zero, so the final total

mechanical energy is its gravitational potential energy, and U,

= mgAy, where Ay is the height above the starting
point. By trigonometry, this height is Ay = rsin(8), where r is the distance the block travels up the incline.
EVALUATE By conservation of total mechanical energy, we equate the two expressions above for total

mechanical energy. Inserting the expression Ay and solving for r gives
kx* .
- =mgAy = mgr sm(H)

]sz
r=—————
2mgsin(6)

ASSESS The distance traveled up the incline is quadratic in x (the spring compression), so if we compress the
spring twice as much, the mass will travel 4 times the distance.

40. INTERPRET The problem is about conservation of mechanical energy. Both kinetic energy and gravitational
potential energy are involved. The object of interest is the child on the swing. As the swing moves, energy is
exchanged between kinetic and potential energy, but the total mechanical energy remains constant. We will take
the zero of gravitational potential energy to be the lowest point of the swing.

DEVELOP Let L denote the length of the chain of the swing. Suppose the swing is released from an angle 6,
which is measured with respect to the vertical. This position corresponds to a vertical height of y, = L(1 — cos8)).
After the child is released, the swing attains a maximum speed at the lowest point, where all the gravitational
potential energy is converted to kinetic energy. Conservation of mechanical energy (Equation 7.7) gives

K,+U, =K +U = constant

from which the maximum speed can be calculated.
EVALUATE Equation 7.7 implies that

K

Ko Uo — v
- —— 5 %
0 +mgy, ZEmeax +0

2
max

mgL(1-cos6,) = %mv

This gives

V= £28L (1= c056), =£,/2(9.8 m/s*)(3.2 m)[1-cos(50°) ] =£4.7 ms

ASSESS  The result shows that, as every kid knows, increasing the initial angle 6, gives a greater speed at the
bottom of the swing. The positive and negative sign indicates that the swing may descend right-to-left or left-to-
right, or that it does not matter to which side of the minimum we initially raise the swing.

41. INTERPRET Ignoring air resistance, the only force acting on the object once its release is gravity, which is a
conservative force. Thus, this problem involves conservation of total mechanical energy. We will take the final
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position of the object to be the zero of the gravitational potential energy. Our goal is to derive Equation 2.11 by
applying conservation of total mechanical energy.

DEVELOP The instant the ball is released, its total mechanical energy is K, + U, =m vg /2 + mgh, where h is the
height above the zero of the potential energy. Without loss of generality, we take the final position to be the zero of
the potential energy, so the final mechanical energy is then is K + U = mv’/2. By conservation of total mechanical
energy, these two expressions give the same result, so we can equate them and solve for the final speed v.
EVALUATE The final speed of the object is

v§+m i
> Vo
2 2
Yo
—=—+gh
5 &

V= i\/vg +2gh = —\/vé +2gh

where we have taken the negative square root because the object is traveling in the negative direction (i.e., from
large h to small h).
ASSESS Notice that the formula given in the problem statement should have a + sign because the square root is
involved.

42. INTERPRET To find the energy stored in the ligament, we integrate the force equation with respect to the

distance, x. The force is one-dimensional so we don't need to worry about vectors, but we will have to be careful
about signs.

DEVELOP The force in the graph, F (x) , is the force applied to the ligament in order to stretch it a given
distance. By Newton's third law, the force of the ligament is equal and opposite to this applied force: Fj, =—F.

To find the energy stored in the ligament, we integrate the ligament's force according to Equation 7.2a:

* ’ 7 x ’ ’ 1 1 1
AU =—[ "F, (x)d’ = [ "F (x)dx’ = 10.43x* = 10.033%" + 1 0.00086x"
where the units are kKN-cm =10 J, since F is in kN and x is in cm.

EVALUATE (a)For x=75cm:
AU =10.43(7.5)" = 10.033(7.5)" +10.00086(7.5)" =8.1J
(a) For x=15cm:
AU =10.43(15)" = 10.033(15)" +10.00086(15)* =22 J

ASSESS The stored energy is the area under the curve out to the distance specified. As we would expect, the
stored energy increases as the stretch distance increases.

43. INTERPRET The two forces acting on the block are those applied by the springs, so they are conservative forces.
In the absence of friction and air resistance, we can apply conservation of total mechanical energy.
DEVELOP When the left hand spring is at its maximum compression, the block is instantaneously motionless, so
the total mechanical energy of the block/springs system is just the elastic potential energy of the left-hand spring,
so U™ =k xi / 2. At the opposite end, the total mechanical energy is Up™ = ky Xn / 2 . Between the springs the
total energy is just the kinetic energy, so U, II‘“ =mv’ / 2 . By conservation of total mechanical energy, we can
equate all three energies to find the compression x; of the right-hand spring and the speed v of the block between
the springs.
EVALUATE (a) At the right-hand end, the spring compresses a distance

2 2
kyx; = kgxg

X, =%x, lli—Lz—(0.16m) %:—llcm
\ \ m
R

where we have chosen the negative sign because the right-hand spring compresses.
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44.

45.

46.

(b) The speed of the block between the springs is

2 2
kox;  mv

2 2

=ty B~ 4(0.16m) /lf)oz—i/m = +4 m/s
m 2kg

where we have kept both signs because the block can move either left-to-right or right-to-left, and we have retained
only a single significant figure because we only know the block’s weight to a single significant figure.
ASSESS  For part (b), the units of the right-hand side are

)
m 2=m kgm-s /m /m=m/s
kg kg

INTERPRET The bumper absorbs the kinetic energy of the car by transforming it into elastic potential energy.
You can calculate the initial speed of the car by equating the two energies.

as expected.

DEVELOP For the maximum collision speed, the car comes in with a kinetic energy of K = %mvﬁm This energy

is used to compress the spring until all the kinetic energy is converted to potential energy U = %kxfmx.

EVALUATE Equating the energies and solving for the maximum collision speed gives

Vi = \/Zx = M(S.O cm) = 5.5 km/h
m 1400 kg

ASSESS At higher speeds, bumpers (and other parts of the car) are designed to crumple. This absorbs some
of the kinetic energy, so as to reduce the shock on the passengers. But the crumpling cannot be undone like
the spring compression.

INTERPRET Because the track is frictionless (and we ignore air resistance), the only force acting on the block is
gravity, which is a conservative force. Therefore, we can apply the conservation of total mechanical energy to this
problem. We will choose the zero of gravitational potential energy to be the base of the loop.

DEVELOP Apply conservation of total mechanical energy, Equation 7.7 (U, + K, = U + K). The initial total
mechanical energy is just the gravitational potential energy because the speed (i.e., kinetic energy) is zero at the
start. Therefore, U, = mgh. The energy at the top of the loop is U + K = 2mgR +mv’/2, where R is the radius of the
loop (see figure below). For the block to stay on the track, the centripetal acceleration of the block must exceed the
acceleration due to gravity at the top o/)f the loop, or v'/R > g (see, e.g., Problems 5.39 or 5.42).

EVALUATE Equating the two expressions for total mechanical energy and using the minimum speed criterion

gives
I
mgh =2mgR + Emv
v =2gh—4gR > gR
5
h>—R
2
ASSESS Because real tracks always have some friction, the actual height needed would be greater than SR/2.

INTERPRET The problem is about conservation of total mechanical energy. The object of interest is the
pendulum. As it swings, energy is converted from kinetic energy to gravitational potential energy and vice versa,
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but the total mechanical energy does not change. We choose the zero of gravitational potential energy to be the
lowest point of the pendulum’s swing.
DEVELOP Let L denote the length of the pendulum and let the pendulum be released from an angle €, measured
with respect to the vertical. This position corresponds to a height of y, = L(1 — cosé)). At this point its speed is zero
(i.e. kinetic energy is zero), so the initial total energy is U, + K, = mgy,. The pendulum attains a maximum speed at
the lowest point of the swing, where all the gravitational potential energy has been converted to kinetic energy, so
the total mechanical energy here is U + K = mv’/2. Apply conservation of total mechanical energy (Equation 7.7) to
find the pendulum’s length.
EVALUATE Conservation of total mechanical energy gives

=0

——

;2
U, +K,=U+K

2

1
mgy 0 = E mvmax

mgL(l—cos 90) = %mvﬁm

) (0.55 m/s)’
L= mas - =16
2g(1=cos) 2(9.8m/s’)[1-cos(8.0")] "

ASSESS  The result shows that L is inversely proportional to 1 — cosé),. This means that if the maximum speed at
the bottom of the swing is to remain unchanged, then increasing the initial angle €, must be accompanied by a
decrease in L.

47. INTERPRET This problem involves the forces of gravity and of an elastic spring, both of which are conservative
forces. Therefore, we can apply conservation of total mechanical energy. We take the zero of the gravitational
potential energy the height of the spring in equilibrium.

DEVELOP To apply conservation of total mechanical energy (Equation 7.7), we need to express the total
mechanical energy for the block before it is dropped and when the spring is maximally compressed by the block (at
which point the block is instantaneously motionless, see figure below). For the former, we have U, + K, = mgh. For
the latter, we have U + K = ky’/2 — mgy, where y is the distance from equilibrium that the spring is compressed.

_ [m]

EVALUATE Equating the two expressions above for total mechanical energy and solving for the maximum spring
compression y gives

1
mgh = ky* —mgy

[9 y*+(-mg) y+(-mgh) =0

\/ﬁ
J = gk mg” + 2homgh :%(Hm)

k
ASSESS We have retained the positive sign because the spring would not be compressed if y < 0.
48. INTERPRET This problem involves conservation of total mechanical energy (which we are given). We are given

the potential energy of a particle as a function of its position, and we are to find the particle’s turning points (i.e.,
where it reverses course from leftward to rightward).
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DEVELOP At the turning points, the particle is instantaneously motionless, so its kinetic energy is zero. Therefore,
its total mechanical energy of E = 3.5 J is entirely in the potential energy, which is U(x) = 7.0 —=8.0x + 1.7x".
EVALUATE Equating the total mechanical energy to the potential energy, we find

3.5=7.0-8.0x+1.7x’

1.7x* —8.0x+3.5=0

8.0 J/m:+ /(8.0 Jm)’ —4(1.7 Jm®)(3.5 1)
x= > m=4.22 m and 0.488 m
2(1.7 Jim’)
ASSESS A turning point is a point where the particle reverses its motion. One may readily verify that U(4.2 m) =
U0.49m)=3.51.
49. INTERPRET This is a one-dimensional problem in which we are to derive an expression for the potential energy

given the force acting on a object as a function of position.

DEVELOP The force is conservative because it is a function of position (if we come back to the same position, we
experience the same force). We can therefore apply Equation 7.2, which for one dimension reduces to Equation
7.2a,

AU=U(x2)—U(x])=—TF(x)dx

For part (b), note that the total mechanical energy at the turning points is just the potential energy because the
kinetic energy is zero at these points (object is reversing direction). Thus, find the points on the graph where the
potential energy is equivalent to the total mechanical energy, which is given to be —1 J.

EVALUATE (a) Inserting the expression for force and performing the integration gives

AUz—T(ax—be)dx:[asz—%] z Z—%(XQZ _x12)+é(xg —xf)

X

Without loss of generality, we can define the potential energy at x = 0 to be zero, so
b
U(x) =L Oy
2 4

(b) A graph of U(x) for x >0, when a=5N/m, b=2 N/m’, and x is in meters, is shown. (Note that the
potential energy is symmetric, U(—x) = U(x), but that only positive displacements are considered in this
problem.) The conservation of energy can be written in terms of the total energy, E =1 m(dx/dt)’ + U(x), so that
dx/dt = 11/2[E - U(x)]/m. The maximum speed occurs when U (x) is a minimum; dU/dx =0 and

d’Uldx* > 0. Taking the derivative, one finds 0 = —ax +bx’, which has solutions x =0 and

x=*.Ja/b = +,/5/2 m=+1.58 m. The second derivative d°U/dx” =—a+3bx’ is negative for x = 0, which isa
local maximum, but is positive for x = i\/% , which are minima with U, =U (i\/% )=—a’/4b =

—(25/8) J = =3.13 J. There is real physical motion (K =0) for total energy £ =U ;. The turning points
(where dx/dt = 0) can be found from the equation U(x) = E; there are four solutions (two positive) for energies
with U_, < E <0, and two solutions (one positive) for E > 0. The equation U(x)— E =0 is equivalent to

x* =2(alb)x® — 4(E/b) = 0. The quadratic formula gives x = +{(a/b) *[(a/b)* + 4(E/b)]"*}"* for U, < E <0,
and x = *{(a/b)+[(a/b)’ + 4(E/b)]"*}"* for E > 0.For the particular values given (E =—11), the positive
turning points are x = [(5 +/17 )/(2 m) T/z =0.662m and 2.14 m, as can be seen in the graph below. Retaining

one a single significant figure gives x = 0.7 and 2 m.
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Umfn

ASSESS The graph is identical for negative displacements.

50. INTERPRET In this problem we want to find the equilibrium separation between NaCl ions, given the potential
energy function, U (x)

DEVELOP At the equilibrium separation of the two ions, the potential energy is a minimum (see Figure 7.11). At
a minimum, the derivative with respect to the separation is zero:

dU(r) _0
dr

By solving the above equation, the equilibrium separation between ions in NaCl can be found.
EVALUATE Differentiating U(7) with respect to r gives
dUu - ~
—=0=—-nbrl """ +ar’
dr “ “

Then solving for the equilibrium separation:

=2.82x10""m=2.82 A

[nbj”("l) ((8.22)(5.52%10 )
eq =

a. 4.04x102

where we have used the angstrom (1 A =107'"m), which is a common non-SI unit of length in chemistry and
atomic physics.

ASSESS We can roughly estimate how far apart the ions are in table salt. The atomic masses of Na and Cl
are 23.99 u and 35.45 u, respectively, where 1u=1.661x10""kg. Let's assume that there's one Na-Cl pair
inside a sphere radius r,,, which means the "density" of one Na-Cl pair is roughly: (myy +me,)/ (g r;) We
can match this to the density of table salt ( Pract = 2.17 g/cms) to obtain an estimate for the equilibrium

separation:

27
o tmy _ (234.39 u)+(35.435 u)(1.661><10 kgj 0 A
5 Pract T(2.17 g/em ) lu

This is approximately what we found above using the potential energy equation.

51. INTERPRET In this problem we are asked to find the speed of the skier at two different locations, given that the
downward slope has a coefficient of friction £ = 0.11. Because friction is a nonconservative force, we cannot
apply conservation of total mechanical energy. Instead, we must use the concept of work done by a force combined
with total mechanical energy.

DEVELOP We find the work done by the friction force and subtract this work from the total energy to find the

energy remaining after each slope The work done by friction skiing down a straight slope of length L is

h
W, =—f,L=—unL=—u,(mgcosb) [m) =—u mghcot &
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52.

53.

where & = Lsin @ is the vertical drop of the slope. Conservation of energy applied between the start and the first
level section now gives AK ,, + AU ,, =W, ,, or

1
Emvz’ = mg(yA _yB)_:ukmg(yA _yB)COteAB

Similarly, for the motion between the top and the second level, we must include all the work done by friction, so
AK,+ AU, = Wf,AB + VI_//,BC

or
1
Emvé = W’g(yA —JYc )_ lukmg(yA — Vs )COt 0.5 _:ukmg(yB —JYc )COt Oyc
EVALUATE Solving the equation for v,, we obtain

vy =28 (v, — v N1- 1, cotB,,) = \/2(9.8 m/s’)(25 m)[1-0.11cot(32°) | = 20 m/s

Similarly, for v, we have

Ve = \/2g|:(yA _yc)_:uk (J/A _yB)COteAB —H (J’B _yC)COteBCJ
= \/2(9.8 m/s”)[ 63 m—(0.11)(25 m)cot(32°) - (0.11)(38 m) cot (20°) |
=30 m/s

ASSESS Let’s consider the case where £, = 0. In this limit, the results become

vy =22 (v, — ) =2(9.8 m/s*)(25 m) = 22 mis

28(7,—yc) = 2(9.8 m/s*) (63 m) =35 mss

which are the same as the result of Problem 5.19 for the frictionless case.

INTERPRET You're asked to determine the efficiency of a pumped storage facility. If the efficiency were 100%,
then all the gravitational potential energy of the water would be converted to electricity. So you have to find what
actual percentage of the potential energy is converted to electricity.

DEVELOP Initially, all the water is in the upper reservoir. If we assume the gravitational potential energy is zero at
the level of the generating station, then the stored potential energy of the water in the upper reservoir is U = mgh.
You need to compare this to the electrical energy generated by the station over the given time period: W = PAt.

EvaLuaTE The efficiency is the energy output of the generators divided by the energy input of the water:
W PAt (330 MW)(8.0 h)
e=2 — -

U mgh o (8.5x10°kg)(9.8 m/s?)(140 m) — 8

Assess The missing energy is lost to non-conservative forces, such as drag forces in pipes that channel the water

and friction in the turbines that turn the generators.

INTERPRET In this problem we want to find the distance a block slides on surface with friction after being
launched by a compressed spring. The force of friction is not conservative, so we will apply the principle that the
work done by friction accounts force the change in the mechanical energy (Equation 7.5).

DEVELOP Suppose the block comes to rest at point C (see figure below), which is a distance L from its initial
position at rest against the compressed spring at point A. Use Equation 7.5, AK + AU =W,

ne ?

where W, is the
work done by nonconservative force (i.e., friction in this problem). This leads to

= 1,
W.=-umgl=AK+AU = —Ekx

because the kinetic energies at A and C and the change in gravitational potential energy are zero.
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0

Point A Point B Point C
EVALUATE Solving the above equation, we obtain

Lok (340 N/m)(0.18 m)*
2pmg - 2(0.27)(1.5 kg) (9.8 m/s?)

ASSESS  The distance moved by the block is proportional to the spring’s potential energy, kx’/2. In addition, it is

4m

inversely proportional to the coefficient of friction, £ . In the limit £, = 0, the surface is frictionless and we expect the
mass to travel indefinitely. The exchange between elastic potential, kinetic, and gravitational potential energy can be seen
from the bar chart in the figure above. Because the block slides on a horizontal surface, the gravitational potential energy
does not change (and we define it arbitrarily to be 1 J). At position A, the block-spring system’s energy is entirely elastic
potential energy. At point B, the system’s energy is kinetic, but friction has already consumed some of the energy, so the
kinetic energy is not equal to the initial elastic potential energy. At point C, the block stops, and all its initial elastic
potential energy has been consumed.

54. INTERPRET This problem involves conservation of energy with conservative and nonconservative forces. The
conservative force acting on the bug is gravity, and the nonconservative force is the friction it experiences crossing
the sticky patch at the bottom of the bowl. We are to find how many times the bug can slide across the sticky patch
before the work done by friction consumes all the bug’s initial mechanical energy.

DEVELOP Apply Equation 7.5, AU + AK =W,

nc*

The bug’s initial mechanical energy is its gravitational potential
energy, U, = mgh, where h = 11 cm. Every time the bug crosses the sticky patch, is loses the energy

W, - j?k d=- Jfid =—p, mgd . The ratio of the initial energy to this energy loss is the number of times the bug
can cross the sticky patch.

EVALUATE The number of times the bug will cross the sticky patch is

U, _ mgh (llcm)

W, uomgd  (0.61)(1.5cm)

nc

=12.0£0.5

to two significant figures. Therefore, from the given data, we expect that the bug will cross the sticky patch 11 or
12 times.

ASSESS  To 3 significant figures, the result is 12.0. Thus, if we knew the data to 3 significant figures, we would be
able to give a more precise answer (i.e., 12).

55. INTERPRET In this problem we want to find the final position of a block after being launched from a compressed
spring. Its path involves a frictional surface followed by a frictionless curve. There forces acting on the block are
conservative (gravity and the elastic force) and nonconservative (friction). We will define the block’s initial
position as the zero of gravitational potential energy.

DEVELOP The energy of the block when it first encounters friction is completely kinetic and, by conservation of
total mechanical energy (Equation 7.7) it is equal to the initial elastic potential energy of the block/spring system:

1
2
Upon crossing the friction zone, the work done by the friction is

K, ==k’
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56.

57.

VVnc = _:ukmgL
Depending on the ratio of K/|W,_ |, the block will move back and forth several times before losing all its energy
and coming to rest.
EVALUATE Initially the block has an energy
1 1
K, =l =—(200 Nim) (0.15 m)’ =225
The work done by the friction is
AE =W, =—p,mgL=—(027)(0.19 kg)(9.8 m/s”)(0.85 m) =—-0.427 J
Because KO/|WnC
K=K,-5|W,|=0.113] on the curved side. This remaining energy is sufficient to move the block a distance

kK 0.113J
temg (0.27)(0.19 kg) (9.8 m/s”)

=5.27, five complete crossings are made, leaving the block with energy

=0.225m

so the block comes to rest 85 cm — 22.5 cm = 62.5 cm to the right of the beginning of the friction patch.
ASSESS Because K, >|W, |, the block does not lose all its energy the first time when it moves across the
frictional zone. No energy is lost while it moves along the frictionless curve. The number of times the block moves

back and forth across the frictional zone depends on the ratio K/|W_|.

INTERPRET All forces involved in this problem are conservative forces, so the problem involves conservation of
total mechanical energy. It also involves kinematics (Chapter 3) to find the range of the block.

DEVELOP Use conservation of mechanical energy in the form of Equation 7.6, AK +AU = 0. The block starts
from rest, so AK = mv’/2 — 0 =mv’/2. The change in potential energy is AU = mgh, —mgh, = mg(h,— h,). From
Equation 3.15, we find that the range of a projectile launched at 45° is x = v'/g.

V2

@ L

45 hy

!

EVALUATE Using conservation of total mechanical energy to find the launch speed v2 gives

%mvi —Fmg(h2 —hl) =0

v, =L/2g(}q —hz)

Inserting this result into Equation 3.15, we find that the range is
x=2(h—h,)

ASSESs The range is simply the difference in height between points 1 and 2. Notice that by conservation of total
mechanical energy, we can also say that the maximum height attained by the block above point 2 is &, — h,.

INTERPRET The object of interest is the roller coaster that, after being launched from a compressed spring,
moves along a frictionless circular loop. The physical quantity we are asked about is the minimum compression of
the spring that allows the car to stay on the track. To find this, we will need to apply Newton’s second law as well
as conservation of mechanical energy.
DEVELOP If the car stays on the track, the normal force applied by the track must be greater than zero and the
radial component of the cars acceleration is a = v*/R. Applying Newton’s second law to the roller coaster gives

2

n= +mgcos@>0 — v’ >—gRcosf

The function —cos @ is maximal at the top of the loop (8= 180°, see figure below), so V; = gR is the condition
for the car to stay on the track all the way around. This is the result obtained in Example 5.7.
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With the minimum speed at point B determined, apply conservation of total mechanical energy (Equation 7.7),
to find the minimum compression length of the spring.
EVALUATE In the absence of friction, conservation of total mechanical energy requires

1 1
K,+U,=K,+U, — 0+Ekx2+mgyA ngv§+mgy3

Solving for x, we obtain

SmgR
=2+ 28 (3 -y, ]2

or

/ 5(840 kg) (9.8 m/s*)(6.2 m
- 5rr;€gR: ( g)( )( )=2.9m

31,000 N/m

ASSESS  Our result indicates that if the radius of the loop increases, then the amount of spring compression must
increase in proportion to the square root of the radius for the car to stay on the track. On the other hand, when a
stiffer spring (with larger k) is used, then less compression would be required. Notice that we retained the positive
sign in our solution because we defined x to be a compression. The negative sign therefore corresponds to an
extension of the spring, which gives the spring the same elastic potential energy, but would accelerate the roller
coaster in the opposite direction.

58. INTERPRET This problem involves the conservative force of gravity, so we can apply conservation of total
mechanical energy. We will take the zero of the gravitational potential energy to be the bottom of the bowl. We are
asked to find the horizontal coordinate of the points where the particle reverses direction (i.e., the turning points).
DEVELOP To apply conservation of total mechanical energy, we need to express the total mechanical energy at
the turning points and at one other position where the total mechanical energy is known. For the turning points, we
have U, + K, = mgh because the particle’s kinetic energy is zero at the turning point (because v = 0). At the
bottom of the bowl, the gravitational potential energy is zero, and all the mechanical energy is in the kinetic form,
which is K = mv’/2. Equating the two allows us to find the maximum height the particle attains, from which we can
find the horizontal coordinate x of the turning point.

EVALUATE The maximum height attained by the particle is
2
= h= A
2g

1
mgh = —mv*
& 2

From this result, we find the turning points are

L I ! _
x== SR _i(0'47Ws)\lz(o.lgm*)(%msz) =125cm

ASSESS The positive and negative signs correspond to the right and left turning points.

59. INTERPRET In this problem we want to find the distance a child can move across a frictional surface after sliding
down a frictionless incline. The problem involves the conservative force of gravity for the first part (the incline)
and the nonconservative force of friction for the second part (the level). Thus, we can apply conservation of total
mechanical energy to the incline, and the concept of work done by friction to the level section. We will take the
zero of gravitational potential energy to be the bottom of the incline.
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60.

DEVELOP At the top of the hill, the child’s mechanical energy is entirely gravitational potential energy, so U, +
K, =mgh, where h = 7.2 m. At the bottom of the hill, just before starting across the rough surface, all this energy is
converted to kinetic energy, so U + K = K. By conservation of total mechanical energy, we can equate these two
expressions, which gives

K =mgh

where K is the kinetic (and total) energy at the beginning of the rough section. As the child progresses across the
rough surface, this energy is consumed by the work done by friction, and the sled stops when the energy supply is
exhausted. This is expressed by Equation 7.5, AU + AK = W, . Because the rough section is level, AU = 0, and the
work done by frictionis W = fk -X ==/, mgx , so we have

AK =K, ,—K=0—mgh=—u mgx

final
EVALUATE Solving the above equation for x, we obtain
h 72m

14 m

4, 051

ASSESS  As expected, the distance the child travels is proportional to £, because the greater is /; the more
gravitational potential energy there is to convert to kinetic energy. On the other hand, we expect x to be inversely
proportional to the coefficient of friction, £,. A smaller £ will allow the child to travel a much further distance
before losing all its kinetic energy. In the limit that 4, — 0, the child will slide forever, as expected from
Newton’s second law.

INTERPRET This problem involves Newton’s second law and conservation of total mechanical energy. The force
of gravity that acts on the bug is a conservative force, and we shall take the geometric center of the man’s spherical
head to be the zero of gravitational potential energy.

DEVELOP Draw a diagram of the situation (see figure below). Apply conservation of mechanical energy to

express the bug’s speed as a function of its vertical position d on the man’s head. This gives
=0

=
U,+K,=U+K

1
mgR = mg(R—d)+5mv2

The bug will no longer be in contact with the man’s head when the normal force goes to zero. From the radial

component of Newton’s second law, the normal force can be found.
V2
n+mgcos@= m;

Combining these equations and letting n = 0, we can solve for d.

Yo
n
d
P P (o)
R O
¥ =]
mg
X
EVALUATE Using the fact that cos@= (R — d)/R, we have
R—-d Vv
mg——=m—
& R R
V= g(R -d)

Inserting this result into the result from conservation of energy gives the distance d to be
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mgR = mg(R—d)+%mg(R—d)

ASSESS If the bug is perfectly positioned on the top of the man’s head and it doesn’t move, it will of course stay
there. However, this is an unstable equilibrium, so any slight perturbation will send it sliding down the man’s head.

61. INTERPRET This problem deals with a conservative, one-dimensional force F(x). We know that this force is
conservative because it depends only on position. We can therefore apply the fact that the work done by this force
on the particle equates to the loss in the particles potential energy (see Equation 7.2).
DEVELOP Applying Equation 7.2 gives

AU=—TF(x)-dF =—TF(x)dx

Because the force F(x) is conservative, we can apply conservation of total mechanical energy (Equation 7.7), U, +
K,= U + K. The subscript 0 refers to the initial state, so K, = 0 because the particle is initially at rest. Once AU = U
— U, is known, the speed of the particle can be calculated from

1
K =—mv* =-AU
2
EVALUATE Integrating F (x) = a\/; , we obtain

X

2a
3

_ 2a 3,

(x,)3/2
o 3

AU =U-U, =—[ax" dx’' =
0

Therefore, the speed of the particle as a function of x is

1/2
L [2K _ [-2aU =[ﬂx3/z) o @
m m 3m 3m

ASSESS  We can check our answer by substituting the result back to the expression for K. This leads to

K :lmvz =lm[4—ax3/2) :2_ax3/2
2 2 3m 3

Indeed, we see that K = —AU, as required by the principle of conservation of energy.

62. INTERPRET This problem involves only conservative forces (i.e., gravity), so we can apply conservation of total
mechanical energy. We will take the zero of the gravitational potential energy to be the ground level. We are asked
to find the speed at which Tarzan must run so that he swings just far enough to cross the gorge, so that he can just
let go and drop vertically down on the far side.

DEVELOP Tarzan’s initial mechanical energy is completely kinetic, so U, + K, = mvg / 2 . His final mechanical
energy will be completely due to gravitational potential energy, so U + K = mgy. Using trigonometry, the final
height / can be expressed in terms of the width w = 10 m of the gorge and the length / = 17 m of the vine: h = I(1 —
cos#), where asin(d/l) = 6.

EVALUATE Equating the initial and final energies, and solving for the speed v gives

( NE _dﬂ
)

%mvé =mgy=mgl(1—cos€)=mgltl— J

[2 ( 17 m)* - mz\
v, =% 2gl[l—%\:+ 2(9.8m/s2)(17m)£1— (17 m) ~(10m) J=8.0m/s

J B 17 m

to two significant figures and where we have chosen the positive sign to indicate that Tarzan must run to the right.
ASSESS If we let the gorge shrink to d = 0, we find that v, goes to zero, as expected. The two signs indicate that
the speed can be to the right or to the left, but we have chosen the positive direction to be to the right.
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63. INTERPRET We find whether a spring-launched block makes it to the top of an incline with friction, and how
much kinetic energy it has when it gets there (if it gets there.) We can use energy methods to solve this problem,
but friction is a factor so mechanical energy is not conserved.

DEVELOP The initial energy of the system is spring potential energy: U, = %kxz. This energy is converted to
kinetic energy and gravitational potential energy, but some energy is lost to (non-conservative) friction. From
Equation 7.5, we can write this as:

U=K+U,+W,

The gravitational potential energy is related to the height, 4, the block reaches: U, = F;h. However, the work
done by friction is related to the distance, As, the block travels along the incline: W, = fAs, where the friction
force is given by f = uF, cos 6. The two distances are related by: /= Assin 6.

EvVALUATE We can determine whether the block makes it to the top of the incline by setting As = L, the length of
the incline, and solving K =U, —U e W... If K =0, then the block does reach the top. Otherwise it doesn't, and
we can solve for the distance where its kinetic energy drops to zero. So solving for the kinetic energy at the top:

K =3hx* — F,L(sin 6+ gcos 6)
=1(2.0 kN/m)(10 cm)’ —(4.5 N) (2.0 m)(sin30° +0.50c0s 30°) = 1.6 J

So yes, the block reaches the top with 1.6 J of kinetic energy.
ASSESS  Another way to solve this problem is to set K =0 and then solve for the distance that the block would
have to travel, As, before coming to rest. If As = L, then the block reaches the top of the incline with kinetic

energy to spare.

64. INTERPRET How long will it take to accelerate from zero to 60 mph? We are given the power of the car, the
efficiency, and the mass. When the car travels on a level road, the work done equals the change in kinetic energy
(Equation 7.5). Power is work per time, so we can find the time from the power and the work.

DEVELOP Convert the given power of the car (250 hp) to Watts, using 1 hp = 746 W, recalling that the power
available is only 30% of the engine horsepower. Also convert the final speed from mph to m/s,

using 1 mph = 0.447 m/s. Use P = W/t = AK/t, and solve for the time .

EVALUATE The power of the caris P =(250 hp)x(30%)x(746 W /1 hp) = 56 kW. The final speed of the car

is v=(60 mph) x (0.447 m/s/1 mph) =26.8 m/s . The time to reach this speed is

plW _AK
t t
A Im? (1500 kg)(26.8 ms))? 0
= —= = =9Y9.0S
P P 2(56x10° W)

ASSESS This is not particularly high performance, but it’s a reasonable 0-to-60 time for an automobile.

65. INTERPRET This problem involves the conservative forces of a spring and gravity (of the Moon, in this case). We
can therefore apply conservation of total mechanical energy to find the requisite spring constant. We will take the
surface of the Moon to the zero of gravitational potential energy.

DEVELOP To apply conservation of total mechanical energy, we need to express the initial energy, when the
spring is compressed, and the final energy, just when a bin is separating from the spring. The initial energy is U, +
K, = ky’/2, and the final energy is U + K = mg,y + mv’/2. Equating the two allows us to solve for the spring

constant k.
EVALUATE

1,5 |
—ky® =mgy+—mv
Zky EmY B

> 2(1000 kg) (1.6 m/s*) (1000 ke)(24 :
_2mey  mv ( 2)(1.6 ms )+( 000 kg)(2400m/s) _ | 102 N/m+2.6x10” N/m = 2.6x107 Nim

2

k 2
y y ISm (15m)
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where we have used the acceleration of gravity on the Moon’s surface from Appendix E.

ASSESS This is an extraordinarily strong spring—some two orders of magnitude larger than the effective spring
constant in a carbon monoxide molecule (cf. Problem 32). Note also that the contribution of the Moon’s gravity in
our calculation is negligible, being five orders of magnitude less than the contribution of the spring.

66. INTERPRET This problem involves conservative forces (i.e., gravity), so we can apply conservation of total
mechanical energy. We are to derive a “leaping equation” that relates the power of the animal to its mass, the push-
off distance, and the height reached. We will take the ground to be the zero of gravitational potential energy.
DEVELOP The height when the animal leaves the ground is d, and the final height attained in the jump is 4. To
apply the conservation of total mechanical energy, we equate the mechanical energy at the heights d and h. At d,
the energy is U, + K, = mgd + mv’/2, and at h the energy is U + K = mgh + 0. From Equation 6.12 we know that the
change in kinetic energy equates to the net work done, which is the work done by the animal plus the work done by
gravity. Thus, we know that to accelerate from zero to v, the animal must do work given by

=—mgd 1 ,
VVnet = VVanmial + VVgravity = AK = Emv - O
1
VVanimal = Emv + mgd

where the work done by gravity is negative because the force of gravity acts to oppose the animal’s upward
movement. Power is work per unit time (P = W/t), and we use Equation 2.9:, d = (v0 + v) t / 2 tofind t, with v, =0,
so t=2d/v.

EVALUATE Conservation of mechanical energy gives the kinetic energy at d:

mgd+%mv2=mgh = v=%2g(h-d)

Power is

P= I/Vanmial — mV2/2+mgd — mgh

t 2d v 2d

2g(h~d)

ASSESS We see that the power depends linearly on the mass, and in a more complex manner on the / and d.
We’d better check units on this equation:

-2
p_kem-s?-m yg.sfz.ygz[kgmj.m.sflzys
S

o

It’s good!

67. INTERPRET The energy stored in the artificial tendon is given by Equation 7.2a for a one-dimensional force.
What's unique in this problem is that the force suddenly changes when the second spring is engaged.

DEVELOP When only one spring is engaged, the force exerted by the artificial tendon is F' = —kx for x =0 to
x = x,. But then for x > x,, the second spring engages, thus increasing the force to F' = —(k + ak) x. Therefore,

in doing the integral of Equation 7.2a, we should divide it into two parts:

AU = —j: F(x) dx—J':F(x) dx

EVALUATE Performing the integration, we find
_ 1.2 1 212 1.2 1 2 2
AU = S kx | +5k(1+a)x |X] —7kxz+7ka(x2—xl)

X
0

Assess The first term in our result is the energy stored in the first spring, and the second term is the energy stored
in the second spring.
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68.

69.

70.

71.

INTERPRET We are asked to analyze a graph characterizing the potential energy between two deuterons.
DEvVELOP From Equation 7.8: F, = —dU / dx, the force is zero where the slope of the U (x) curve is zero.

EVALUATE There are two points where the potential appears to have zero slope: a minimum at around 1 fm and a
maximum at 5 fm. Only this second point is one of the choices.

The answer is (c).

Assess  The peak at 5 fm is an unstable equilibrium. If we were to calculate the force at a point near the peak, we
would find that the force's direction is away from the peak. It's similar to placing a ball at the top of a hill; any
slight movement will cause it to roll down the hill. Contrast this with the potential "well" at 1 fm. Here, any
deviation from the well's bottom will cause a force that pulls the deuterons back toward the minimum energy
position.

INTERPRET We are asked to analyze a graph characterizing the potential energy between two deuterons.
DEVELOP When the deuterons are far apart, their potential energy is zero, U, = 0, but they will have some initial
kinetic energy, K,. We assume the deuterons are moving towards each other. As the distance between the
deuterons shrinks, the graph shows that the potential energy increases. According to the conservation of
mechanical energy (Equation 7.7), the kinetic energy will correspondingly decrease: K (x) =K,-U (x) The
question, then, is will the kinetic energy go to zero before the deuterons reach the well in the potential at

x =1 fm, where they will be fused (bound) together?

EVALUATE The deuterons won't be able to fuse if they run out of kinetic energy before reaching the peak at 5 fm
in the potential energy curve. In other words, the initial kinetic energy has to be greater or equal to this "energy
barrier" (i.e. K, 2U »eai )- The potential energy at the peak is equal to about 0.3 MeV.

The answer is (d).

AsSESs  We recall once again the analogy to a ball and a hill. If the ball starts at the bottom of the hill, it will only
be able to reach the peak if its initial kinetic energy is greater or equal to the potential energy separating the top and
bottom of the hill.

INTERPRET We are asked to analyze a graph characterizing the potential energy between two deuterons.
DEVELOP As was said in the previous problem, the potential energy is zero when the deuterons are widely

separated. If they fall into the potential well at 1 fm, they will be bound together into a single nucleus (in this case
a helium nucleus).

EvVALUATE The potential energy at the bottom of the potential well is around —3.3 MeV. Therefore, the energy
available in fusion is 0—(-3.3 MeV) =3.3 MeV.

The answer is (c).

Assess The available energy from deuteron fusion is in the form of kinetic energy. IL.e., the resulting helium
nucleus will have kinetic energy of 3.3 MeV. Suppose that many of these fusion reactions are occurring inside a
star or a reactor chamber, then all the kinetic energy that is released can be considered as heat.

INTERPRET We are asked to analyze a graph characterizing the potential energy between two deuterons.
DEvVELOP The force is given by Equation 7.8: F, = —dU / dx.

EVALUATE The slope of the curve at 4 fm is positive, so the force is negative. That means the force points toward
smaller x, which means it is pulling the deuterons closer together. This is an attractive force.

The answer is (b).

AsSEss  We shouldn't confuse the magnitude of the force with the fact that the potential, U (x) is zero at

x =4 fm. An attractive force is consistent with the notion that the deuterons are bound to each other inside the
potential well. The force at x =4 fm is pulling the deuterons back to the equilibrium position at x = 1 fm, like a
stretched spring.
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